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Based upon observational evidence and the derived shape-models from seven small Solar System bodies
(Comets 103P Hartley 2 and 9P Tempel 1; Asteroids 433 Eros, 243 Ida, 951 Gaspra, and 25143 Itokawa;
and the martian moon Phobos) we explore the existence of a self-correcting (negative-feedback) system
in which disturbance-triggered downslope regolith flow is constantly working to erode the local surface
topography of rotating, irregularly shaped, small bodies towards that of a flat, equipotential surface. This
process is driven by the fact that erosion rates are very non-linear with respect to slope: becoming quite
high as slopes approach the angle-of-repose, but also quite low when slopes are small. Four conditions
are required for this system: (1) the mean rotational force is a significant fraction of the mean gravita-
tional force; (2) a sufficiently thick, low cohesion, mobile regolith layer exists over most of the body’s
surface; (3) a downslope flow disturbance source is present, such as volatile activity on comets or
impact-induced seismic shaking; and (4) a sufficient amount of time has occurred since the body’s last
major surface alteration. When these conditions are met, then the magnitude of the gravitational force
for the body (and hence its bulk density) can be estimated by assuming that the body has reached an ero-
sional ‘saddle-point’ in which either increasing or decreasing the body’s rotation rate will increase ero-
sion rates and drive the surface topography back towards a low-slope state. This technique yields bulk
density estimates of 220 (140–520) kg m�3 for Comet 103P Hartley 2, and 1400 (930–2800) kg m�3 for
Asteroid 951 Gaspra, neither of which have accurate density measurements via other means.

� 2014 Elsevier Inc. All rights reserved.
1. Motivation

On November 4, 2010, the Deep Impact spacecraft conducted a
flyby of Comet 103P Hartley 2 as part of its extended (EPOXI) mis-
sion (A’Hearn et al., 2011). The images returned of the comet nu-
cleus, taken from a closest-approach range of 695 km, revealed
an asymmetrical, bilobal nucleus structure, rather like a bowling
pin in shape (see Fig. 1), and comprised of two, relatively coarse-
terrained lobes connected by a very smooth, ‘neck’ region between
them. This smooth neck region may have a common origin with
the smooth flows observed on Comet 9P Tempel 1 during Deep Im-
pact’s initial mission (A’Hearn et al., 2005), which have been
hypothesized to have formed by the nearly frictionless, fluidized,
cryovolcanic flow of solid particulate in a percolating, gas-rich
environment (Belton and Melosh, 2009). This region also resembles
the smooth ponds observed on Asteroid 433 Eros, which are
believed to have been formed by the frictionless flow of
electrostatically levitated, small regolith particles (Robinson
et al., 2001; Colwell et al., 2005; Richardson et al., 2005b).

Regardless of exact formation mechanism, if we assume that
the smooth neck region on Hartley 2 formed via some form of flu-
idized, near-frictionless particulate flow, then this region should be
very low-sloped (flat) and lie coincident with a potential energy
equipotential surface with regard to the combined accelerations
due to gravity and rotation. The density of the nucleus can there-
fore be estimated by fitting potential contours to the observed,
gently curving, neck geometry. When provided with a shape model
for Hartley 2 (Thomas et al., 2013) and a measured rotation period
of 18.34 h (which contains a small non-principal axis rotation
component), the remaining free parameter for performing this
fit becomes an assumed homogeneous density for the body,
which determines the magnitude of the gravitational potential
component.

As described in A’Hearn et al. (2011), the net potential as a func-
tion of body density was calculated for each surface element of the
comet’s polygon shape model, using the method developed in
Werner (1994). The variance in net potential within the neck re-
gion is minimized when the observed surface best approximates
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Fig. 1. Comet Hartley 2 as imaged by the Deep Impact spacecraft’s Medium
Resolution Instrument (MRI) near the point of closest approach (695 km) as part of
the EPOXI mission on November 4, 2010. The bilobal structure of the nucleus
includes a smooth-surfaced ‘neck’ region which connects the two rougher-surfaced
major lobes. If this smooth neck formed under conditions of extremely low friction,
then it should denote a ’flat’ surface, lying along a potential energy equipotential
with regard to the combined accelerations due to gravity and rotation.
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a constant equipotential surface. The metric used for the minimiza-
tion was weighted to account for uneven spatial distribution of
surface elements, and a systematic increase in variance as the as-
sumed bulk density is increased, thus producing a fractional or
normalized variance measure (top panel of Fig. 2). This initial
analysis was constrained to the region of the neck that was directly
imaged and well illuminated during the encounter, and produces
a best fit equipotential at a bulk density of q ¼ 220 (140–
520) kg m�3, which corresponds to a comet mass of m = 1.84
(1.17–4.35) �1011 kg.

Curiously, this same type of potential variance minimization
yields a very similar bulk density of q ¼ 200 (140–350) kg m�3

when performed for the entire shape model of Comet Hartly 2 as
a whole (also shown in the top panel of Fig. 2). At first glance, this
similar result would seem to invalidate the potential variance min-
imization performed for the carefully selected smooth neck region
as a means for determining the body’s most likely bulk density.
However, as shown in Fig. 2, similar exercises performed for the
Asteroids 243 Ida and 433 Eros also yield bulk densities close to
the actual, spacecraft-measured densities for these two objects.
For 433 Eros, the global potential variance minimization technique
yields a best fit density of 2200 (1400–4000) kg m�3, within 18% of
the measured density of 2670� 30 kg m�3 (Thomas et al., 2002).
For 243 Ida, the technique yields a best fit density of 2300
(1500–4800) kg m�3, within 12% of the measured density of
2600� 500 kg m�3 (Thomas et al., 1996). Clearly, there is some
phenomena at work here that causes the surfaces of small, rotating
bodies to move towards and eventually achieve as small a potential
energy variance over the surface as possible. This will be explored
further in the following sections.
2. Approach

2.1. Background

Over the past two decades, the amount of collected data with
regard the dimensions, shapes, and spin rates of small, irregular
(non-spherical) Solar System bodies has increased dramatically.
Whereas previously we had only some asteroid light curves and
the Viking Orbiter observations of the martian moons Phobos
and Deimos (Thomas, 1979), techniques were developed whereby
ground-based radar ‘images’ and shape models of asteroids could
be obtained (Ostro et al., 1988); robotic spacecraft began to con-
duct close flybys of small Solar System bodies, beginning with
Asteroid 951 Gaspra (Belton et al., 1992); and spacecraft began
to target and orbit (or orbit with) selected small bodies, beginning
with the NEAR mission to Asteroid 433 Eros (Veverka et al., 2001).
More recently, inversions techniques are being developed for the
purpose of deriving asteroid shapes from optical light curve (pho-
tometric) observations (Durech et al., 2010).

Concurrent with this growing body of data has been a growing
theoretical interest in the development, stability, and evolution of
small body shapes and spins (types and rates). Such theoretical
studies have a long history, wherein self-gravitating, rotating,
cohesionless, and frictionless fluid bodies have been investigated
by the likes of Newton, Maclaurin, Jacobi, Roche and others – see
the histories and mathematical reviews in Chandrasekhar (1969)
and Lebovitz (1998) for background and details. Isaac Newton
investigated slightly oblate fluid spheres as a means to explain
the Earth’s shape. Maclaurin found combinations of body oblate-
ness and spin that were in equilibrium and which are now called
the ‘‘Maclaurin spheroids’’. Jacobi discovered certain equilibrium
ellipsoids with axes of unequal length that are now called the ‘‘Ja-
cobi ellipsoids’’. Roche introduced the effects of tidal forces from a
larger body being orbited by the small body, and found that there
is a limit to the orbital radius, the so-called ‘‘Roche limit’’, inside of
which there are no equilibrium shape solutions for the smaller
body.

With the advent of the Viking Orbiter images of the martian sat-
ellites, solid bodies began to be investigated. Dobrovolskis (1982)
developed semi-analytical models of Phobos and Deimos as homo-
geneous, elastic triaxial ellipsoids subject to tidal, rotational, and
self-gravitational stresses, thus bringing compressive strength into
the picture. Slyuta and Voropaev (1997) generalized this elastic
body modeling to investigate the ‘failure limit’ wherein gravita-
tional forces in non-equilibrium figures produce differential, struc-
tural stresses above the body’s yield strength, and thus the shape of
the body will relax into an equilibrium, sphere-like figure. Working
the problem both forward from an assumed material elastic yield
strength and backwards from bodies of known shape and spin,
Slyuta and Voropaev (1997) sought to find minimum yield
strengths for each case.

Cohesionless, self-gravitating, rotating bodies possessing
compressive strength and internal friction were investigated in
Holsapple (2001) and Holsapple (2004), using a elastic–plastic con-
stitutive material model with a Mohr–Coloumb yield criteria. In
that work, a series of triaxial-ellipsoid body ‘failure limit’ curves
were identified as a function of body aspect ratio (minor/major
axis), spin rate, and internal fiction angle, which contain the Jacobi
ellipsoids as a frictionless end-member. These results were tested
and largely confirmed in two subsequent independent studies,
the first using numerical models of ‘‘perfect’’ rubble piles consist-
ing of hundreds of self-gravitating, spherical particles (Richardson
et al., 2005a), and the second using an analytical approach which
treated the body as a rigid-plastic, cohesionless material with a
Drucker–Prager yield criterion (Sharma et al., 2009).

The most important finding from these studies, particularly
Holsapple (2001, 2004), was that the great majority of observed
asteroids (Near Earth, main belt, Trojan, and Centaur asteroids) fall
well below the failure limit curves for cohesionless bodies possess-
ing realistic values for the coefficient of friction. The implication
from this result was that most asteroids seemed to be cohesionless
‘rubble piles’, a conclusion that has received wide acceptance.



Fig. 2. Potential variance minimization plots for the three objects for whom the best fit density on both the global and selected regional scales are similar and also close to the
actual measured density of the body (for Eros and Ida). The left-hand panels show the body’s shape model color-coded as a function of local slope, and with the selected ‘flat’
region on the object darkened to set it apart. The right-hand panels show the fractional standard deviation in combined surface potentials plotted as a function of changing
body density (gravity). The dips mark the density at which potential variance, elevation variance, and surface slopes are minimized, indicating the density corresponding to
the ‘most eroded’ state for the body given its current shape and spin.
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However, in an important follow-up study, Holsapple (2007) found
that for large bodies (diameter D > 10 km), the presence of cohe-
sive and/or tensile strength does not permit higher spin rates than
would otherwise be allowed for ‘strengthless’ rubble pile bodies,
thus making the strength classification of such bodies, based upon
basic shape and spin state ambiguous. On the other hand, for small
bodies (D < 10 km) the presence of even a small amount of
strength allows rapid spin rates.

The implication of this finding is that while measurements of
spin rate and estimates of body aspect ratios (usually from light-
curve data) can be used to place lower limits on the cohesive
strength of an asteroids of D < 10 km, this cannot be done for lar-
ger asteroids. As such, most of the asteroids that we have observed
may be ‘rubble piles’, but they can just as easily possess some de-
gree of coherence and cohesive strength as well – we cannot differ-
entiate between the two in most cases.

The above analytical studies did not permit topography on the
small body’s surface, generally treating the surface as a boundary
condition permitting zero differential stresses; that is, the body’s
surface is mathematically treated as an equipotential surface pos-
sessing zero slope (flat). However, two recent studies have investi-
gated the other extreme for a cohesionless body with friction:
surfaces in which all topography is at the angle-of-repose for the
material’s given friction angle. In Minton (2008), a numerical
‘‘seed-growth’’ approach was used to produce hypothetical asteroid
shapes in three-dimensional, triangular polygon representations.
Five stable body shapes, with all surfaces at or near the angle-of-re-
pose, were found for the condition of a body possessing no spin/
rotation, and three stable body shapes (called ‘‘Oblate Donut’’, ‘‘Ob-
late Top’’, and ‘‘Hourglass’’) were found for bodies in a state of sta-
ble rotation about their principal axis. These solution shapes
showed similarities to some observed small bodies, such as the
saturnian satellite Atlas and the near-Earth Asteroid 1999 KW4,
as well as some contact binary asteroids. In a separate work, Harris
et al. (2009) investigated the ‘‘Oblate Top’’ shape as an explanation
for the equatorially-bulged shape of several radar observed
asteroids, and in particular, the primary of the (66391) 1999 KW4
binary, which possesses near angle-of-repose topography from its
equator up into the mid-latitudes as an effect of rapid rotation.

2.2. Theory

The studies described in Section 2.1 generally assumed that a
small body would retain its current (stable) shape until something
happens to push it beyond a stability limit, such as the slow spin-
up of a small asteroid due to the Yarkovsky-Okeefe–Radzievskii–
Paddack (YORP) effect (Holsapple, 2010). In this work, however,
we consider the effect that constant erosional processes have on
the topography of a small body and its shape over time, processes
that occur while the body is well below any canonical stability lim-
its. The two primary processes involved include (1) the redistribu-
tion of material (regolith) due to impact crater excavation and
ejecta deposition, as investigated in Korycansky and Asphaug
(2003, 2004); and (2) the regional- and global-scale effects of im-
pact-induced seismic shaking on surface topography, as investi-
gated in Richardson et al. (2004, 2005b). Other surface processes
may also be at play in surface material redistribution, such as ther-
mal creep (Mantz et al., 2004) and electrostatic dust levitation (Lee,
1996; Colwell et al., 2005), although we suspect that these pro-
cesses have only a minor effect on the overall evolution of the
body’s shape over time. On cometary bodies, volatile activity and
outgassing when the object is near perihelion should also be a pri-
mary source of regolith disturbance and slope erosion.

As a prime example of the type of body that would be subject to
these processes, the NEAR-Shoemaker orbiter mission to the aster-
oid 433 Eros (2000–2001) revealed a heavily cratered surface,
covered with a veneer of loose regolith (tens to perhaps hundreds
of meters thick in places) and peppered with numerous boulders
(Veverka et al., 2001; Robinson et al., 2002). This regolith veneer dis-
plays direct evidence of downslope movement in several forms:
slumps and debris aprons at the base of steep slopes, bright streaks
of freshly exposed material on crater walls, the pooling of regolith in
topographic lows, a large number of degraded craters, and a deficit of
craters less than�100 m in diameter as extrapolated from the size–
frequency distribution of larger craters (Veverka et al., 2001; Chap-
man et al., 2002; Cheng et al., 2002; Thomas et al., 2002; Robinson
et al., 2002). As was demonstrated in Richardson et al. (2004,
2005b), the best explanation for these phenomena is the seismic
reverberation of the asteroid following impact events, which is capa-
ble of destabilizing surface slopes globally from impactors down to a
few meters in size, thus causing regolith to migrate downslope and
degrading and eventually erasing small craters on the surface.

Given an environment in which a loose, mobile regolith is pres-
ent (with little to no cohesion), we can make use of the analytical
theory of erosion for transport-limited downslope flow first de-
scribed by Culling (1960), wherein we assume that the downslope
flow of regolith is controlled by the transportation rate (transport-
limited flow) and not by the regolith supply or production rate
(weathering-limited flow) (Nash, 1980). This theory begins with
an expression for the conservation of mass on an infinitely small
portion of a hillslope, in Cartesian coordinates (Culling, 1960):
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where z is the elevation, and fx and fy are the flow rates of regolith in
the x and y directions, respectively. If the regolith layer is isotropic
with regard to material flow, and the flow rate is linearly propor-
tional to the slope’s gradient, then:
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where Ki is a downslope flow constant, which has units of m3 m�2 -
s�1 (volume flux per unit time) or m s�1 (downslope motion per
unit time). Substituting Eq. (2) into Eq. (1) gives:
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which can be re-written in diffusion equation form as:

@z
@t
¼ Ki52z: ð4Þ

Although the above equations are frequently applied to larger
slopes (as a diffusion equation solution), in actuality the down-
slope flow rate is linearly proportional to the slope’s gradient only
on low slopes, generally <10� Richardson et al. (2005b). A better
expression describing the non-linear nature of disturbance-
triggered downslope regolith flow was developed by Roering
et al. (1999), and is given as:

qi ¼
Ki 5 z

1� j5zj
Sc

h i2 : ð5Þ

where qi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 2
x þ f 2

y

q
; 5z is the slope, and Sc is the critical slope

(equivalent to the friction angle, or the tangent of the angle-of-
repose). Note that if the slope 5z is small, Eq. (5) becomes approx-
imately linear with respect to slope:

qi � Ki 5 z; ð6Þ

making Eq. (5) and Eq. (2) equivalent at low slope angles for the
same assumed downslope diffusion constant Ki. Fig. 3 shows an
application of Eqs. (5) and (6), plotting the total downslope regolith



Fig. 4. Normalized slope distributions for the seven small bodies examined in this
study, utilizing the highest resolution shape-model available for each object. Each
curve uses the body’s measured density and rotation state, with the exceptions of
Gaspra and Hartley 2, for which densities of 2000 and 200 kg m�3 were assumed,
respectively. Of the depicted bodies, Comet Hartly 2 is the smoothest object, with a
low, sharply peaked slope distribution and almost no slopes above 30�. On the other
extreme, Asteroid 25143 Itokawa is the most rugged, with a broad slope
distribution and a notable fractions of its surface above typical angle-of-repose.
The other bodies fall between these two extremes, but all show peaks slopes of near
10� ± 5� and few slopes above angles of 35�.
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flow produced (as a function of slope angle) by the 5 km/s impact of
a 10 m stony impactor on the surface of Asteroid 433 Eros, comput-
ing using the methods described in Richardson et al. (2005b). Of
prime importance to the discussion which follows is the rapid
(exponential) increase in downslope flow rate as a function of slope,
for slopes >10� (solid curve), as the critical (failure) slope angle is
approached. This non-linear response to increases in slope, coupled
with a frequent source of slope disturbances, is the first key to
understanding the phenomena behind the potential variance results
shown in Fig. 2.

Given a sufficiently thick, loose, mobile regolith layer on the
surface of a small body, and a source of disturbances to drive
downslope flow, the non-linear nature of Eq. (5) should produce
a body slope distribution that is heavily weighted towards the
low-slope, linear region of the curves shown in Fig. 3. This is indeed
the case for most of the small bodies depicted in Fig. 4, particularly
in the cases of Asteroid 433 Eros and Comet Hartley 2, where sur-
face slopes (relative to the combined effects of gravity and rota-
tion) were computed using the method described in Section 2.3.
More rugged bodies with less mobile regolith layers, such as Aster-
oid 25143 Itokawa, display broader slope distributions, but in each
of these examples, all but a tiny fraction of surface’s slopes lie be-
low typical angles-of-repose for common geologic materials (about
30�–35�), and usually well below those critical slope angles.

The second key factor in understanding the results described in
Section 1 is the manner in which gravitational and rotational accel-
erations combine on the surface of a small, rotating body. The grav-
itational acceleration vector on the surface of a small body will
generally be directed inward and roughly towards the center of
the body, and its magnitude will be a function of the body’s volume
and bulk density (its mass). If the density of this hypothetical body
is varied, the gravitational vector’s magnitude will change propor-
tionally, but its direction will not. On the other hand, placing the
body in a state of rotation, which can usually be assumed to be
about the body’s principal axis with the highest moment of inertia
(axis of figure), necessitates that there exists a centripetal acceler-
ation that points toward the axis of rotation with a magnitude
equal to the product of the surface point’s distance from the rota-
tion axis and the square of the body’s rotation rate. Generally
Fig. 3. A plot of the globally experienced, downslope regolith movement resulting
from the seismic shaking produced by a single 10 m impactor striking the surface of
Asteroid 433 Eros at 5 km/s, plotted as a function of slope on a surface of infinite
extent, and computed using the methods described in Richardson et al. (2005b). The
solid curve shows a fit to the numerical model ‘data’ using Eq. (5), assuming a
material angle of stability of 35� (gradient = 0.7). The dashed line shows the more
traditional assumption of downslope flow that is linearly proportional to slope
gradient, with the overlap region between the two downslope flow regime labeled
‘‘linear region’’.
speaking, in order for a rotating, cohesionless, ‘rubble pile’ asteroid
to remain stable, the gravitational acceleration must comprise at
least all of the required centripetal acceleration at all points on
the surface (and interior) of the body. Additionally, the centripetal
accelerations have a significant effect on the vector direction oppo-
site of net (gravity-centripetal) acceleration, i.e. the direction that
would be defined as ‘‘up’’ at any particular point on the body’s sur-
face, and the surface slope calculated from that vector. This effect is
depicted pictorially in Fig. 5, in which the effect of increasing a
body’s rotation rate on local slope magnitudes is shown.
Fig. 5. An illustration showing the effects of increasing small-body rotation rate on
local slopes. Vectors F mark the local accelerations due to gravity g and rotation x,
while lines P mark the resulting equipotential surface (horizon), which lies
perpendicular to the combined local F vector. The cases of no rotation present (g)
and with rotation present (g þx) are shown. Some local slope orientations
experience a rise in slope S and an increased erosion rate with the change in
rotation state, while other local slope orientations experience a lowering in slope S
and a decreased erosion rate.
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At first glance, Fig. 5 would appear to indicate that if the rota-
tion rate of a body is changed (either up or down), some slopes will
increase and some slopes will decrease, and the overall effect
would be a rough cancellation between the two. However, when
an asteroid such as 433 Eros is considered (with a measured shape,
volume, bulk density, and rotation state), either increasing or
decreasing the rotation rate will cause an increase in the slope dis-
tribution on the surface (see Fig. 6). In other words, the current sur-
face shape of 433 Eros rests in a topographic / erosional ‘saddle-
point’, where changing the rotation state of the body in either
direction will cause an overall increase in surface slopes, with a
corresponding overall, non-linear increase in downslope erosion
rates (Eq. (5)), which then pushes the surface back towards an
overall low slope distribution.

The above dynamic thus creates a self-correcting (negative-
feedback) system in which disturbance-triggered downslope rego-
lith flow is constantly working to erode the surface of the body and
push it towards that of a flat, equipotential surface, but wherein
erosion rates are very non-linear with respect to slope: becoming
quite high when slopes approach the angle-of-repose, but also
quite low and slow when slopes are small. Suddenly changing
the rotation state of an asteroid like Eros would thus cause a rapid
spike in surface-slope erosions rates, but as slopes decrease again
(particularly into the linear region of Fig. 3), erosion rates likewise
decrease dramatically, until the asteroid once again enters into a
long time-period ‘tail’ of very slow, overall slope degradation rates.
Note that within this erosional ‘tail’, and although slopes degrada-
tion is slowly eroding the body towards an equipotential surface
state, such a state is actually never achieved (due to unrealistically
long erosional time-scales), and the body may still retain notice-
able topography. Even as the best example of this process, 433 Eros
still possesses hundreds of meters of dynamic topography range
(Thomas et al., 2002). Generalizing from Asteroid 433 Eros, we
can expect that this erosional ‘saddle-point’ behavior should exist
under the following circumstances:

1. The mean rotational force is a significant fraction of the mean
gravitational force, and can therefore have a significant effect
on local slopes.
Fig. 6. A demonstration of the effect of changing a small body’s rotation rate on the
body’s average surface slope, using Asteroid 433 Eros as the example. If the surface
begins in a ‘highly eroded’ state (indicated by a sharply peaked slope distribution
with a low mean), then either increasing or decreasing the body’s rotation rate will
cause an increase in the body’s average surface slope.
2. A sufficiently thick, low cohesion, mobile regolith layer exists
over most of the body’s surface, where ‘sufficient’ means that
the regolith layer thickness is roughly within an order of mag-
nitude of the size-scale of the dominant, slope-forming surface
features on the object (generally impact craters). As mentioned
in Section 2.2, regolith flow over the surface should be largely
transport-limited and not weathering-limited.

3. A downslope flow disturbance source is present, such as volatile
activity and outgassing on comets near perihelion, small
impacts on asteroids in or near the main belt, tidal forces from
satellite asteroids, or perhaps severe thermal cycling for inner
Solar System asteroids. In order to be effective as a terrain mod-
ification mechanism, the frequency of downslope regolith flow
producing disturbances must necessarily occur on time-scales
comparable to or shorter than the production frequency of
other, non-flow terrain modifications occurring on the surface
(such as direct impact crater production on a terrain dominated
by impact craters).

4. A sufficient amount of time has occurred since the body’s last
major surface alteration (such as a large impact) or significant
change in spin state. That is, the surface of the body has had suf-
ficient time to enter a slow erosional state or ’tail’ (as described
in the previous paragraphs).

The time-scale over which this erosional process occurs will be
roughly proportional to the body’s surface gravity. That is, individ-
ual, downslope-flow producing disturbances will have an increas-
ingly significant effect on a given regolith layer the lower the
gravitational acceleration is on the surface, resulting in a shorter
erosional time-scale for a smaller body. Based upon Cratered Ter-
rain Evolution Model simulations (Richardson, 2009) of the crater
degradation effects of impact-induced seismic shaking (Richard-
son, 2013), when exposed to a mean Main Belt impactor flux
(Bottke and Greenberg, 1993; Bottke et al., 2005), an impact crater
of 50 m diameter on the surface of an asteroid the size of 25143
Itokawa (g � 0:1 mm s�2) would have a mean lifetime of roughly
0.2 Myr before being degraded beyond recognition, while a crater
of the same 50 m diameter would have a mean lifetime of roughly
10.0 Myr on the surface of an asteroid the size of 433 Eros
(g � 5:0 mm s�2). As such, not only does an upper limit exist to
the size of body upon which its rotation state can effectively alter
local slopes (item (1) above), but there also exists an upper limit to
the size of body upon which disturbance-driven downslope flow
can effectively compete with other topography modifying mecha-
nisms (item (3) above). If impact-induced seismic shaking is the
primary disturbance mechanism, then the results shown in
Fig. 13 of Richardson et al. (2005b) indicate that the upper size lim-
it for asteroids upon which this type of erosional ‘saddle-point’
behavior can be expected is �100 km in diameter.

In the following sections, we will explore these four conditions
within the context of a study which includes seven small objects
for which detailed shape models exist (four asteroids, two comets,
and one small martian moon). In particular, we will show that
when these four conditions are sufficiently met, the magnitude
of the gravitational force for the body (and hence its bulk density)
can be estimated by assuming that the body has reached an ‘ero-
sional saddle-point’. It is important to point out that this is neither
a direct nor an indirect density measurement: it is a technique for
finding the bulk density of the body which corresponds to the most
eroded state of that body, given its current shape, topography, and
spin state. If conditions (1)–(4) above are met, then the determined
‘erosional saddle-point’ density should be very close to the actual
bulk density of the body, but as shall be shown even among our
small sample of seven objects, great care must be taken in the
application of this technique. Prior to launching into a discussion
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of the objects explored in this study, we will first give a more de-
tailed account of the methodology employed.
2.3. Methodology

The small bodies investigated in this study are unique in that
they have been examined at relatively close range by spacecraft
imaging, and have had shape models produced of their surfaces
at the highest possible resolutions and coverages from direct imag-
ing (Simonelli et al., 1993). Five of the shape models used in this
study were taken from data archive EAR-A-5-DDR-SHAPE-MOD-
ELS-V2.1 at the NASA Planetary Data System (PDS) Small Bodies
Node. The remaining two shape models, those of Comet 9P Tempel
1 and 103P Hartley 2, were undergoing verification and certifica-
tion for release to the Planetary Data System at the time of our
study. Shape model resolutions (in spherical coordinate degrees
and total number of triangular polygon ‘plates’) are listed in Sec-
tion 3 for each of the seven objects investigated. Using this form
of shape model, we compute gravitational, rotational, and tidal
potentials and accelerations for each plate on the surface, as well
as slope and ‘dynamic elevation’, defined in Thomas (1993) as:

hdyn ¼
Ulocal � Umean

glocal
; ð7Þ

where Umean is the mean gravitational potential over the surface of
the body, Ulocal is the gravitational potential at the center of the
polygon in question, and glocal is the gravitational acceleration at
the center of the triangular polygon.

The typical method for computing the gravitational potential or
force at some given location on (or above) the surface of an irreg-
ularly-shaped body is to perform a numerical integration over the
volume of the body, which has been filled with thousands of tiny,
individual mass elements (e.g. Geissler et al., 1996). This method is
computationally expensive, however, and for this study we make
use of the surface-polyhedron gravity technique developed by
Werner (1994), which takes advantage of Gauss’s Law applied to
a shape whose surface has been divided into individual polyhedron
elements. Using this method, the integration occurs over the sur-
face area of the body (the number of plates), which saves signifi-
cant computation time and produces a result which is of better
quality than most volume integrators (Werner, 1994). The rotation
and tidal (if present) potentials and forces at the center of each sur-
face facet are also determined, and combined with the gravita-
tional computation at the same surface location. Previously, this
technique has been successfully applied to a study of the effects
of gravitational forces on the impact ejecta plume produced by
the Deep Impact mission at Comet 9P Tempel 1, resulting in a mass
and bulk density measurement for that body (Richardson et al.,
2007).

Because body shape, volume, and spin properties are generally
easier to determine (via remote sensing) than body mass and den-
sity, we use the body’s bulk density as a free parameter in our com-
putations, and attempt to find the bulk density that best places the
given body in the center of its ‘erosional saddle-point’ (Section 2.2);
that is, the bulk density that corresponds to the ‘‘most eroded’’
state of the object, given its current shape, spin state, and topogra-
phy. This equates to a minimization problem, in which there are
three measures that can potentially be used: total potential varia-
tion, dynamic elevation variation, and surface slopes. In practice,
however, we have found that minimizing the fractional, total
(gravitational + rotational + tidal) potential variation across the
surface of the body is the most efficient means for locating the ‘ero-
sional saddle-point’ wherein the body is in its most eroded state for
its current shape and spin.
Mathematically, the net potential Ui at a given surface element
is the sum of the rotational and gravitational potentials, where Ui is
thus a function of bulk density q and rotation rate x. Since the
rotation rate is independently constrained, the net potential is re-
duced to having one free parameter. This allows us to define a var-
iance which we can search in the bulk density domain to find the
‘most eroded’ state for the body; that is, the body’s best fit to an
equipotential shape:

r2ðqÞ ¼ 1
N � 1

X
ðUiðqÞ � U0ðqÞÞ2; ð8Þ

where Ui is net potential of the ith element and U0 is the mean po-
tential for all elements. However, each element in the shape model
is of different size. Thus we weight each element so that each ele-
ment contributes in proportion to its surface area:

r2
AðqÞ ¼

1
N � 1

P
AiðUiðqÞ � U0ðqÞÞ2P

Ai
; ð9Þ

where

U0 ¼
1
N

P
AiUiP
Ai

; ð10Þ

and Ai is the surface area of the ith shape model element. Finally, we
must take into account a systematic increase in potential variance
across the whole surface as a function of bulk density. As the den-
sity of the body increases, the gravitational forces involved increase
as well. As such, the variance of potentials across the whole body
also increase linearly as a function of density, and we thus normal-
ize the variance against the mean variance U0 such that it becomes
a fractional or normalized variance parameter:

r2
normðqÞ ¼

1
N � 1

P
Ai

UiðqÞ
U0ðqÞ
� 1

� �2

P
Ai

: ð11Þ

We then vary the bulk density of the shape-model body over a
wide range, in order to locate the minimum value produced by Eq.
(11); that is, the minimum normalized potential standard devia-
tion value (

S
rnorm), corresponding to the most eroded (lowest

slope distribution and topographic range variation) state for the
object.

Error ranges were determined using a modified full-width at
half-minimum (FWHM) technique (the negative of a full-width at
half-maximum application). Using logarithmic values (i.e. working
in log–log space) the

S
rnorm obtained by varying the bulk density

is taken to be the ‘peak’. The lower, right-hand asymptote, ap-
proached by increasing the density, is taken to be the ‘zero’ refer-
ence value. Thus, the ‘half-maximum’ points occur where rnorm

crosses the mid-point value between the ‘peak’ (
S

rnorm) and the
‘zero’ reference values, with their corresponding bulk densities
marking the bounds of the error range. In order to test the effect
of shape model errors on density estimate we modified the 103P
Hartley 2 shape model by stretching or shrinking the shape inde-
pendently along each axis by up to 10%. The variations induced
in the rnorm computation by the changing the shape model can
be seen in Fig. 7, and are quite small when compared to the larger
FWHM error range. We also tested several cases for the Hartley 2
shape model by moving the pole location and/or changing the rota-
tion rate within the errors for that model. We conclude that this
minimization technique is generally insensitive to modest shape
model errors, in both shape and rotation, and we will thus rely
on the wider, more conservative FWHM error estimate throughout
the remainder of this work.

In the following sections, we look at the seven objects selected
for this study, divided into two groups depending upon how well
(or not) this minimization technique works with regard to deter-
mining a minimization-produced bulk density which is reasonably
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Fig. 7. A plot demonstrating the relatively weak dependence of our
S

rnorm

computation for Hartley 2 upon errors in the comet’s determined shape model. The
black curve shows the minima curve produced using the shape model used in the
rest of this paper. The gray curves were produced by first manipulating this shape
model by stretching it independently along each axis by ±10%, and then calculating
a new

S
rnorm curve. Changing the shape model only shifts the location of the

minima by a few tens of kg m�3, significantly less than the error estimates
calculated using the full-width at half-minimum (FWHM) technique.
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close to the actual, measured density for bodies that have indepen-
dent density measurements. Five of the seven objects have inde-
pendent bulk density measurements (243 Ida, 433 Eros, 25143
Itokawa, the martian moon Phobos, and Comet 9P Tempel 1), while
two objects do not (951 Gaspra and Comet 103P Hartley 2).
3. Application to selected small bodies

3.1. Rotation group I bodies

Fig. 2 shows the three objects that have been placed into what
we call Rotation group I; those bodies for whom the ‘erosional sad-
dle-point’ density is very close to the actual, measured bulk density
for the body (when available) on both regional and global scales.
The determining factor for inclusion in group I appears to be the
degree to which rotation (spin) affects potentials and forces on
the surface (see Fig. 5). In all three cases, whether our selected, ‘flat’
region on the body is examined or the surface is examined globally
(the dotted and solid lines in Fig. 2), similar minimization results
are obtained in which the ‘erosional saddle-point’ densities are
within 15% of the actual, measured bulk densities, when known
(see Table 1). In Fig. 2, the saddle-point is marked by a sharp ver-
tical minimum, with horizontal potential asymptotes to both left
and right. The left-hand asymptote occurs when the mean rota-
tional potential� the mean gravitational potential (rotation dom-
inates), while the right-hand asymptote occurs when the mean
gravitational potential � the mean rotational potential (gravity
Table 1
Summary of bodies studied.

Name Rot/grav. Gbl
S

rnorm density (kg m�3) R

103P Hartly 2 0.134 200 (140–350) 2
243 Ida 0.131 2300 (1500–4800) 2
433 Eros 0.111 2200 (1400–4000) 2
951 Gaspra 0.054 900 (560–2000) 1
Phobos 0.039 2200 (710–3600) 2
25143 Itokawa 0.024 330 (220–620) 2
9P Tempel 1 0.006 28 (16–76) 1
dominates). The saddle-point occurs where changes in either bulk
density or rotation produces a significant increase in slopes and
potential/elevation variation across the surface of the body (given
its current shape and topography). In the paragraphs below, we
discuss each case individually.

Asteroid 243 Ida was flown by the Galileo spacecraft on August
28, 1993, with approximately 95% of the surface imaged at better
than 1 km/pixel and 30% at better than 40 m/pixel (Thomas et al.,
1996). The shape model produced from this flyby and used in
our study has a resolution of 2 degrees in latitude/longitude space,
for a total of 32,040 triangular polygon ‘plates’. This main belt
asteroid is 53.6 � 24.0 � 15.2 km in dimensions, is highly irregular
in shape, has a rotation period of 4.63 h, and is orbited by a 1 km
diameter satellite, named Dactyl (Belton et al., 1996; Thomas
et al., 1996). Ida was also observed to possess a significant regolith
layer, with depths estimated to be on the order of ‘tens of meters’
(Sullivan et al., 1996). Thanks to observations of Ida’s moon, Dactyl,
its bulk density has been constrained to a value of 2600 ±
500 kg m�3 (Belton et al., 1996). Given its measured rotation state
and mass/density, the mean rotational potential on the surface of
243 Ida has a magnitude that is 13.1% that of the mean gravita-
tional potential. Despite having a highly irregular shape (Fig. 2
notable fraction of its surface at or above typical angles of repose
within the resolution limits of the shape model (Fig. 4), the total
potential minimization technique nonetheless reveals a sharp min-
imum at densities of 2300 (1500–4800) kg m�3 globally, and 2900
(1800–6600) kg m�3 within our selected, reasonably ‘flat’ region
(Fig. 2), such that the global ’erosional saddle-point’ density is
within 11.5% of the asteroid’s measured density.

Asteroid 433 Eros was orbited by the NEAR-Shoemaker space-
craft from 2000 to 2001, which achieved 100% coverage of the sur-
face with surface pixel scales at better than 10 m resolution
(Veverka et al., 2001; Thomas et al., 2002). The shape model pro-
duced from these observations and used in our study has a resolu-
tion of 1/3 degree in latitude/longitude space, for a total of 200,700
triangular polygon ‘plates’. This former main belt (now Near Earth)
asteroid is 34.4 � 11.2 � 11.2 km in dimensions, posses a slightly
curved, elongated shape, and has a rotation period of 5.27 h
(Yeomans et al., 2000; Thomas et al., 2002). Eros was also observed
to possess a significant regolith layer, with extensive surface cover-
age and depths estimated to be on the order of a few to ‘tens of me-
ters’ (Thomas et al., 2002). Thanks to radio-science data from orbits
of the NEAR-Shoemaker spacecraft around the asteroid, Eros’s bulk
density has been constrained to a value of 2670 ± 30 kg m�3

(Yeomans et al., 2000). Given its measured rotation state and
mass/density, the mean rotational potential on the surface of 433
Eros has a magnitude that is 11.1% that of the mean gravitational
potential. Unlike Ida, Eros possesses a very smooth slope distribu-
tion, with nearly all of its surface below typical angles of repose
within the resolution limits of the shape model (Fig. 4). In this in-
stance, the total potential minimization technique reveals a sharp
minimum at densities of 2200 (1400–4000) kg m�3 globally, and
2300 (1600–3600) kg m�3 within our selected, reasonably ‘flat’
region (Fig. 2), where the regional scale saddle-point density is
eg
S

rnorm density (kg m�3) Density (kg m�3)
S

rnorm Acc (%)

20 (140–520) – –
900 (1800–6600) 2600 ± 500 11.5
300 (1600–3600) 2670 ± 30 13.9
400 (930–2800) – –
300 (840–3700) 1876 ± 10 17.3
000 (1200–6300) 1950 ± 140 2.5
30 (76–430) 400 ± 200 67.5
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within 13.9% of the asteroid’s measured density (global scale with-
in 17.6%).

Comet 103P Hartley 2 was flown by the Deep Impact spacecraft
(extended EPOXI mission) on November 10, 2010, with approxi-
mately 60% of the surface imaged at up to few meters per pixel,
and approximately 80% imaged in silhouette (A’Hearn et al.,
2011). The shape model produced from this flyby and used in
our study has a resolution of 3 degrees in latitude/longitude space,
for a total of 20,584 triangular polygon ‘plates’. This short-period
comet’s nucleus is 2.32 � 0.75 � 0.72 km in dimensions, bilobal
in shape, and has a principal rotation period of 18.34 h about is
minor axis and a 27.79 h (55.42 h is also possible) ‘roll’ about its
major axis (A’Hearn et al., 2011). It should be noted that during
the encounter period, the rotation rate of Hartley 2 was seen to
change slightly. The effect of an increased rotation rate would be
to slightly increase the estimated bulk density of the body. Hartley
2 possesses a well-defined erosional saddle-point in its fractional
total potential minimization plot (upper panel of Fig. 2), on both
the global and the selected regional scales. Saddle-point densities
of 200 (140–350) kg m�3 (global) and 220 (140–520) kg m�3

(selected region) fall within error margins for previous density
estimates of Jupiter family comets (Richardson et al., 2007).
Assuming a high-end bulk density of 500 kg m�3 yields a mean
rotational potential on the surface with a magnitude 5.3% that of
the mean gravitational potential, a percentage which increases as
the assumed bulk density is decreased (this percentage goes up
to 13.4% for an assumed bulk density of 200 kg m�3). These results,
combined with the observation that Hartley 2 possesses the lowest
slope distribution (Fig. 4) of all seven of the objects investigated in
this study (including the ‘poster-case’, Asteroid 433 Eros) lends
support to the notion that Hartley 2 meets the enumerated criteria
listed near the end of Section 2.2 and thus has an actual bulk den-
sity that is near to that of the determined ‘erosional saddle-point’
density. This conclusion also implies that the surface of this comet
is frequently disturbed into motion, and is therefore composed of a
loose, highly mobile material.

3.2. Rotation group II bodies

Fig. 8 shows the three objects that have been placed into what
we call Rotation Group II; those bodies for whom the ‘erosional
saddle-point’ bulk density is significantly lower than the actual,
measured bulk density for the body (when available), but when
carefully selected, apparently ‘flat’ regions are considered, the ‘ero-
sional saddle-point’ density may be close to the measured bulk
density. The determining factor for inclusion in group II again ap-
pears to be the degree to which rotation (spin) affects potentials
and forces on the surface (Fig. 5). In the case of 25143 Itokawa,
the mean rotational potential on the surface has a magnitude that
is 2.4% that of the mean gravitational potential. Even worse, in the
case of comet Tempel 1, the mean rotational potential on the sur-
face has a magnitude that is only 0.6% that of the mean gravita-
tional potential, given independently measured densities for each
body. In Fig. 8, the ‘erosional saddle-point’ in the (solid line) global
minimizations are marked by a well-defined vertical minimum,
but at bulk densities which are unreasonably low for the Solar Sys-
tem materials under consideration here, with horizontal potential
asymptotes to both left and right. As with rotation group 1, the
left-hand asymptote occurs when the mean rotational potential
� the mean gravitational potential (rotation dominates), while
the right-hand asymptote occurs when the mean gravitational
potential � the mean rotational potential (gravity dominates).
The saddle-point occurs where changes in either bulk density or
rotation produces a notable increase in slopes and potential/eleva-
tion variation across the surface of the body (given its current
shape and topography).
Asteroid 951 Gaspra was flown by the Galileo spacecraft on
October 29, 1991, with approximately 80% of the surface imaged
at better than 1 km/pixel and 40% at better than 54 m/pixel (Belton
et al., 1992). The shape model produced from this flyby and used in
our study has a resolution of 2 degrees in latitude/longitude space,
for a total of 32,040 triangular polygon ‘plates’. This main belt
asteroid is 18.2 � 10.5 � 8.9 km in dimensions, is highly irregular
in shape, and has a rotation period of 7.042 h (Thomas et al.,
1994). Gaspra was observed to possess a significant regolith layer,
with depths again estimated to be on the order of ‘tens of meters’
(Carr et al., 1994), with two distinct crater classes: an ‘old’ appear-
ing, highly-degraded population, and a ’young’ appearing, lightly-
degraded (fresh) population (Greenberg et al., 1994). Due to the
distance (1600 km) and speed (8 km/s) of the Galileo flyby and
the relatively small size of this asteroid, radio science data was un-
able to return a density estimate for this asteroid, and as the solid
line in the upper panel of Fig. 8 seems to indicate, the rotation rate
of Gaspra is too slow for its size for it rest within a global ‘erosional
saddle-point’, such that on the global scale, the total potential min-
imization technique produces a minimum at an unrealistic density
of 900 (560–2000) kg m�3. Taking our lead from the smooth neck
region of Hartley 2, however, we have selected a region of Gaspra
of apparently flat terrain and ample regolith coverage, and have
applied the potential minimization technique to that selected area
in particular, to obtain a more believable bulk density estimate of
1400 (930–2800) kg m�3 based upon body shape and spin within
this region of the asteroid (dot–dashed line in the upper panel of
Fig. 8). This regional result points to a relatively low, Itokawa-like
(see below) bulk density for this S-type asteroid, below that of both
Eros and Ida.

Near-Earth Asteroid 25143 Itokawa was joined in a solar
co-orbit by the Hayabusa spacecraft on September 12, 2005, with
landing and surface sample attempts made on November 20 and
25 of the same year. While approaching the asteroid over two
months, the surface was extensively mapped and observed, with
100% of the surface imaged at �70 cm/pixel (Fujiwara et al.,
2006). The shape model produced from these observations and
used in our study has a resolution of 1/3 degree in latitude/longi-
tude space, for a total of 196,608 triangular polygon ‘plates’. This
tiny asteroid is 0.535 � 0.294 � 0.209 km in dimensions, is highly
irregular in shape, and has a rotation period of 12.132 h (Fujiwara
et al., 2006). With regard to possessing ‘‘a sufficiently thick, low
cohesion, mobile regolith layer over most of the body’s surface’’
Itokawa appears to be constructed almost entirely of regolith
mixed with larger boulders (a true ‘rubble pile’), although its sur-
face does appear to be composed of somewhat coarser grained
material that than observed on Asteroid 433 Eros. Thanks to
radio-science data from the approach and landing of the Hayabusa
spacecraft, Itokawa’s bulk density has been constrained to a value
of 1950 ± 140 kg m�3 (Abe et al., 2006). Given its measured rota-
tion state and mass/density, the mean rotational potential on the
surface of 25143 Itokawa has a magnitude that only 2.4% that of
the mean gravitational potential. Unlike Eros, Itokawa possesses
a very rough slope distribution, with a notable amount of its sur-
face above typical angles of repose (Fig. 4) within the resolution
limits of the shape model. In this instance, the total (global) poten-
tial minimization technique yields a sharp minimum at an unreal-
istically low bulk density of 330 (220–620) kg m�3, indicative of a
body on which rotational forces do not generally affect slope direc-
tions to a high enough degree to be significant (the first criterion
listed in Section 2.2). However, disturbance triggered downslope
flow does appear to be important on this asteroid, as indicated
by its remarkably sparse cratering record (Michel et al., 2009),
and rotation does appear to have some effect on erosion rates in
some locations. In particular, we found that when the ‘‘Muses
Sea’’ region on the asteroid was analyzed individually, that it is



Fig. 8. Potential variance minimization plots for the three objects for whom the best fit density on the global and selected regional scales are different, and where the selected
region minimization is closest to the actual measured density of the body (for Itokawa and Tempel 1). The left-hand panels show the body’s shape model color-coded as a
function of local slope, and with the selected ‘flat’ region on the object darkened to set it apart. The right-hand panels show the fractional standard deviation in combined
surface potentials plotted as a function of changing body density (gravity). The dips mark the density at which potential variance, elevation variance, and surface slopes are
minimized, indicating the density corresponding to the ‘most eroded’ state for the body given its current shape and spin.
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indeed quite flat (lies coincident with an equipotential) and yields
a regional scale ‘erosional saddle-point’ density of 2000 (1200–
6300) kg m�3 that is within 2.5% of the asteroid’s measured density
(dot-dashed line in the middle panel of Fig. 8). Note, however, that
even this more satisfying answer lacks a well-defined minimum
and has a wide error margin as a result.

Comet 9P Tempel 1 was flown by the Deep Impact spacecraft on
July 4, 2005, which also delivered a small (370 kg) impactor space-
craft into a collision course with the comet nucleus. The arrival of
the flyby spacecraft was timed such that it could observe the
resulting impact event with a suite of instruments for the purpose
of gathering information about the composition and material prop-
erties of the comet’s surface (A’Hearn et al., 2005). Over the course
of this encounter, 60% of the comet was imaged directly and in pro-
file, with a roughly 5 degree resolution shape model produced from
that effort (Thomas et al., 2007). Six years later, the Stardust-NExT
spacecraft revisited Comet Tempel 1 on February 14, 2011, making
it the first small Solar System body to be revisited and observed by
different spacecraft (Veverka et al., 2013). The additional imaging
provided by this second flyby increase our coverage of the nucleus
to 85%, at resolutions between 10–100 m/pixel. The shape model
produced from these flybys and used in our study has a resolution
of 2 degrees in latitude/longitude space, for a total of 32,040
triangular polygon ‘plates’. The nucleus of Tempel 1 is
6.3 � 5.9 � 5.2 km in dimensions, posses a faceted, roughly six-
sided irregular shape, and has a slow rotation period of 40.7 h
(Thomas et al., 2007). The terrain appears to be layered, with ter-
races, small scarps, rough ’talus slopes’, and what appear to be
smooth flows engulfing and creeping over some portions of the
landscape to settle in topographic lows. Thanks to observations
made of the expansion rate of the ejecta plume produced by the
Deep Impact event by the flyby spacecraft, Tempel 1’s bulk density
has been constrained to a value of 400 ± 200 kg m�3 (Richardson
et al., 2007). Given its measured rotation state and mass/density,
the mean rotational potential on the surface of Tempel 1 has a
magnitude that is a tiny 0.6% that of the mean gravitational poten-
tial, making it a very poor candidate for our density estimation
technique. This is borne out in the bottom panel of Fig. 8, wherein
the total potential minimization technique produces a broad, unre-
alistic minimum at densities of 28 (16–76) kg m�3 globally, and an
only slightly more accurate value of 130 (76–430) kg m�3 within a
carefully selected, reasonably ‘flat’, gravitationally low region that
was part of the new terrain observed by Stardust-NExT. Other ‘ba-
sin’ bottoms on the comet produce even worse results, pointing to
the conclusion that on a body with this small of a rotation period,
rotation forces do not affect slopes significantly enough to make
our technique useful.

3.3. Group 3 bodies

The martian moon Phobos represents a special case in our
study. In the previous examples, only two forces/potentials were
involved on the surface: the body’s own gravity and rotation. In
the case of Phobos, two more forces/potentials must be added:
the gravitational force of Mars, and the rotational force due to
the moon’s orbit about Mars. While these additional forces
complicate the picture, we hypothesize that the same ’erosional
saddle-point’ behavior should still be observed on Phobos as on
the previously described bodies, as long as rotational forces are
strong enough to effect slopes on the surface significantly.

Phobos has been studied by multiple Mars missions, with the
first detailed shape model being produced from Viking orbiter data,
using images of resolution 200 m/pixel or better (Duxbury, 1991;
Simonelli et al., 1993; Thomas, 1993). The most recent shape mod-
el for Phobos (used in this study) was produced from images taken
by the SRC (Super Resolution Channel) on board Mars Express at
resolutions of better than 100 m/pixel (Willner et al., 2010). This
revised shape model has a resolution of 2 degree in latitude/longi-
tude space, for a total of 32,040 triangular polygon ‘plates’. Phobos
itself is 26.8 � 22.4 � 18.4 km in dimensions; possesses a slightly
elongated, tri-axial ellipsoid shape; orbits Mars at a semi-major
axis distance of 9377.2 km and orbital eccentricity of 0.015; and
has a rotation period of 7.653 h that is synchronized with its orbital
period. Phobos has been observed to possess a significant regolith
layer, with extensive surface coverage and depths estimated to be
on the order of 10–100 m (Thomas, 1993). Utilizing Mars Express
derived data of both Phobos’ shape and orbit, Willner et al.
(2010) has recently constrained Phobos’s bulk density to a value
of 1876 ± 10 kg m�3, consistent with the previously derived value
of 1900 kg m�3 (Duxbury, 1991). Given its measured rotation rate
and mass/density, the mean rotational potential on the surface of
Phobos has a magnitude that is 3.9% that of the mean gravitational
potential (excluding Mars orbital forces). Phobos possesses a slope
distribution (Fig. 4) that lies between that of the Asteroids Gaspra
and Ida. While not as smooth as Eros or Hartley 2, this slope distri-
bution does indicate a body which has undergone significant sur-
face erosion and regolith motion. Applying our total potential
minimization technique using all four potentials present on the
surface of Phobos produces an unusually shaped rnorm curve
(Fig. 9), but one that still possesses a noticeable minimum at
densities of 2200 (710–3600) kg m�3 globally, and 2300 (840–
3700) kg m�3 within our selected, reasonably ‘flat’ region. The ob-
tained global-scale ‘erosional saddle-point’ density is within 17.3%
of the moon’s actual, measured density, indicate that our density
estimate technique is also applicable to small, irregular satellites
as long as the criteria listed at the end of Section 2.2 are met.

4. Discussion

Table 1 summarizes the results obtained in Sections 3.1, 3.2, and
3.3, listing the bodies in order of the degree to which rotational
forces affect surface slopes. Clearly, the faster the rotation, and
the higher degree to which small variations in rotation speed affect
slopes and erosion rates on the surface, the better our technique is
at estimating the bulk density of the object, provided that we
encounter the body in a heavily eroded state; that is, the four con-
ditions listed in Section 2.2 are met. We can furthermore use these
seven results to define a rough boundary between those objects for
which this technique is most applicable and those for which it is dif-
ficult or not applicable. Fig. 10 shows a plot of the mean rotational
potential energy vs. mean gravitational potential energy for the se-
ven small bodies examined in this study, where we have drawn a
rough boundary to show where the mean rotational potential is
at least 5% that of the mean gravitational potential. Above this line,
the bodies tend to fall into our designated ‘‘rotation group 1’’
(Section 3.1), wherein the technique appears to work quite well,
on both the global and the regional scale. Below this line, the bodies
tend to fall into our designated ‘‘rotation group 2’’ (Section 3.2),
where care must be taken in the application of the technique and
the selection of topographically ‘flat’ local regions tends to yield
better results than those obtained globally. In the case of a very
slow rotator, such as Comet 9P Tempel 1, the technique breaks
down entirely. As Table 1 and Fig. 10 demonstrates, it is not the
magnitude of either the mean gravitational potential energy or
the mean rotational potential energy that is important, but the ratio
of the two. The more influence body rotation has over local ‘‘up’’
directions and slope magnitudes, the more susceptible to small
changes in rotation state overall erosion rates will be and the more
likely our described ‘erosional saddle-point’ behavior will be.

In determining the potential applicability of this technique to a
particular body, the body’s slope distribution also plays an impor-
tant role (Fig. 4). The more eroded the body is, the smoother is its



Fig. 9. Potential variance minimization plot for the martian moon Phobos, wherein the best fit density on both the global and selected regional scale are similar and also close
to the actual measured density of the body. The left-hand panel shows the body’s shape model color-coded as a function of local slope, and with the selected ‘flat’ region on
the object darkened to set it apart. The right-hand panel shows the fractional standard deviation in combined surface potentials plotted as a function of changing body
density. The dips mark the density at which potential variance, elevation variance, and surface slopes are minimized, indicating the density corresponding to the ‘most
eroded’ state for the body given its current shape, spin, and martian orbit configuration.

Fig. 10. A plot of mean rotational potential energy vs. mean gravitational potential
energy on the surface of the seven small bodies examined in this study. Note that in
the case of Phobos, only the two body-centric components are considered here,
while the two martian orbital components are neglected for the purposes of this
plot. The group 1 objects generally lie above the line marking the point where the
magnitude of the mean rotational potential is equal to 5% of the mean gravitational
potential, while the group 2 objects generally lie below this dividing line, with
Hartley 2, Gaspra, and Phobos straddling this division.
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slope distribution, and the more likely it is to rest in an ‘erosional
saddle-point’, either locally or globally, and be susceptible to our
density estimate technique. At the opposite extreme, the objects
investigated in Minton (2008) and Harris et al. (2009) involve ob-
jects wherein a large fraction of the surface is at or near the an-
gle-of-repose. This state implies one of two conditions: either (1)
there is little mobile regolith on the surface (‘weathering limited’
erosion), wherein the measured high slopes primarily represent
uneroded topography and what mobile regolith there is tends to
be concentrated in the equatorial region of the body (forming an
equatorial bulge), or (2) there is a sufficient mobile regolith layer
at high slopes, that is therefore undergoing rapid, transport-limited
erosion and indicative of a recent change to the asteroid’s rotation
state (Harris et al., 2009). In either case, such asteroids would not
be suitable candidates for this technique, and in fact represent the
opposite end of the spectrum from the heavily eroded asteroids to
which this technique is best applied, despite the fact that the
Minton (2008) and Harris et al. (2009) bodies may have rotation
rates that fall well above the 5% rotational to gravitational poten-
tial ratio mentioned above.

5. Conclusion

In this work, we have proposed the existence of a self-correcting
(negative-feedback) system in which disturbance-triggered down-
slope regolith flow is constantly working to erode the surface
topography of rotating, irregularly shaped, small bodies towards
that of a flat, equipotential surface. This system is driven by the fact
that erosion rates are very non-linear with respect to slope:
becoming quite high when slopes approach the angle-of-repose,
but also quite low and slow when slopes are small. As such, sud-
denly changing the rotation state of the body will cause a rapid
spike in surface-slope erosions rates, but as slopes decrease again
(particularly into the linear region of Fig. 3), erosion rates will like-
wise decrease dramatically, until the body once again enters into a
long time-period ‘tail’ of very slow, overall slope degradation rates.
Within this erosional ‘tail’, and although slopes degradation is
slowly eroding the body towards an equipotential surface state,
such a state is actually never achieved (due to unrealistically long
erosional time-scales), and the body may still retain noticeable
topography. We expect that this ‘erosional saddle-point’ behavior
will exist under the following circumstances:

1. The mean rotational force is a significant fraction of the mean
gravitational force, and can therefore have a significant effect
on local slopes.

2. A sufficiently thick, low cohesion, mobile regolith layer exists
over most of the body’s surface.
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3. A downslope flow disturbance source is present, such as volatile
activity and outgassing on comets near perihelion, small
impacts on asteroids in or near the main belt, tidal forces from
satellite asteroids, or perhaps severe thermal cycling for inner
Solar System asteroids.

4. A sufficient amount of time has occurred since the body’s last
major surface alteration (such as a large impact) or significant
change in spin state. That is, the surface of the body has had suf-
ficient time to enter a slow erosional state (’tail’, as mentioned
above).

In the previous sections, we have explored these four conditions
within the context of a study which included seven small objects for
which detailed shape models exist (four asteroids, two comets, and
one small martian moon). In particular, we have shown that when
these four conditions are sufficiently met, that the magnitude of the
gravitational force for the body (and hence its bulk density) can be
estimated by assuming that the body has reached an ‘erosional sad-
dle-point’. It is important to note, however, that this technique is
neither a direct nor an indirect density measurement: it is a tech-
nique for finding the bulk density of the body which corresponds
to the most eroded state of that body, given its current shape, topog-
raphy, and spin state. If conditions (1)–(4) above are met, then the
determined ‘erosional saddle-point’ density should be very close to
the actual bulk density of the body. However, even among our small
sample of seven objects, we have found that great care must be ta-
ken in the application of this technique, particularly when the mean
rotational potential on the surface is less than 5% of the mean grav-
itational potential. Nonetheless, we find the technique to be a
highly useful tool in helping us to understand the shape and ero-
sional state of these objects, particular those small bodies for whom
only an orbit, rotation state, and derived shape model exist.
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